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Actin ﬁlaments and cross-linkers are main components of cytoskeletal networks in eukaryotic cells, and they
support bending moments and axial forces respectively. A three-dimensional form-ﬁnding model is proposed in
this work to investigate aﬃne and non-aﬃne deformations in cytoskeletal networks. In recent studies, modeling
of cytoskeletal networks turns out to be a key piece in the cell mechanics puzzle. We used form-ﬁnding analysis
to compute and analyze cytoskeletal models. A three-dimensional model is much more ﬂexible and contains
more elements than a two-dimensional model, and non-linear ﬁnite element analysis is diﬃcult to converge.
Thus, vector form intrinsic ﬁnite element analysis is employed here for valid results. The three-dimensional
model reveals new behaviors beyond earlier two-dimensional models and better aligns with available data.
Relative density of actin ﬁlaments and height of the form-ﬁnding model both play important roles in determining
cytoskeletal stiﬀness, positively and negatively, respectively. Real cytoskeletal networks are quite mixed in terms
of aﬃne and non-aﬃne deformations, which are quantiﬁed by internal strain energy in actin ﬁlaments and crosslinkers. Results are also inﬂuenced by actin ﬁlament relative density and height of the model. The threedimensional form-ﬁnding model does provide much more room for intensive studies on cytoskeletal networks. In
our future study, microtubules, ﬂuidics, viscoelastic-plastic cross-linkers and even the whole cell model may be
taken into account gradually to improve the cytoskeletal form-ﬁnding model.

1. Introduction
Aﬃne stretching and non-aﬃne bending both aﬀect actin cytoskeleton network of protein-polymers. Since the protein-polymers are responsible for the mechanical stability of a cell, the inﬂuences may spread to
the whole cell. However little is known about the boundary between
aﬃne deformation and non-aﬃne deformation. Tensegrity model and
open-cell foam model are important models of cytoskeletal networks.
Deformations in these two types of models appear to be either axial
(tensegrity) or bending (open-cell foam). Tensegrity model presents
100% aﬃne as all the deformations are axial, and Young's modulus E
sx
for the model can be written as E = s02 T /(sx − s0 )⋅Wρ0 / ∫ Tdx , where W
s0
is the strain energy per unit mass and ρ0 is the density of the model,
which experiences elongation from length s0 to length sx caused by a
small applied tension T acting in the x direction (Ethier and Simmons,
2007). Open-cell foam appears to be 100% non-aﬃne, which are all
bending deformations, and the eﬀective Young's modulus of an open-cell
foam model can be formulated as E = 1.009Es ρ2 /(1 + 1.514ρ) wherein ρ
is the relative density of the foam and Es is the Young's modulus of the
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solid from which the foam is made (Zhu et al., 2000). Form-ﬁnding
model (Gong et al., 2013) shows a more complex relation and demonstrates how aﬃne and non-aﬃne play an important role in the solution.
However it was established on a two-dimensional surface and seemed to
be a little bit stiﬀer than reality in general, therefore a three-dimensional
form-ﬁnding model is developed on the basis of two-dimensions in this
work.
There exists controversy about whether aﬃne or non-aﬃne deformation is dominating in actin cytoskeleton network. Bai and Missel
determined the eﬀect of stiﬀer impurity ﬁlaments generally on the
aﬃne to non-aﬃne crossover in the softer ﬁlament matrix and found
that the stiﬀer impurity ﬁlaments make aﬃne network slightly more
aﬃne, while highly non-aﬃne network even more non-aﬃne (Bai et al.,
2011). Onck and Koeman showed that stiﬀening is caused by non-aﬃne
network rearrangements that govern a transition from a bendingdominated response to a stretching-dominated response (Onck et al.,
2005). Head and Levine identiﬁed a dimensionless scalar quantity,
being a combination of the material length scales that speciﬁes to which
regime a given cytoskeleton belongs and conﬁrmed that the degree of
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is homogeneous down to the length scale of crosslinks for models
considering only entropic stretching of ﬁlaments, that is, the deformation ﬁeld is aﬃne, e.g. the tensegrity model. For models relying on
dynamic bending of ﬁlaments, the deformation must necessarily be

aﬃnity under strain correlates with the distinct elastic regimes (Head
et al., 2003).
Existing models have been expected to be found in either aﬃne or
non-aﬃne deformations. It is assumed that deformations of the system

Fig. 1. Process of building a three-dimensional form-ﬁnding model
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Fig. 1. (continued)

investigating. It is predicted that non-aﬃne deformation is due to
bending and reorganization of polymer ﬁlaments. Strain stiﬀening in
the non-aﬃne model originates from cytoskeleton network reorganization that leads to a transition from ﬁlament bending to ﬁlament
stretching.
One wonders how optimal cytoskeletal networks really are, and for
what purpose are they optimized. Man-made forms such as tensegrity
models, open-cell foams and more modern topology optimizations show
that if one is optimizing stiﬀness, then a lot of aﬃne deformations (axial
deformations) are typically the goal. Broedersz and Mao introduced a
lattice-based model of ﬁbrous network with variable connectivity to
elucidate the roles of single-ﬁber elasticity and network structure. The
network exhibits both a low-connectivity rigidity threshold governed
by ﬁber-bending elasticity and a high-connectivity threshold governed
by ﬁber-stretching elasticity (Broedersz et al., 2011). It's conﬁrmed that
at high pre-strain, ACPs (Actin Cross-linking Proteins) experiencing
large bending forces tend to become consistent with aﬃne deformations
(Kim et al., 2009).
In this paper, a three-dimensional form-ﬁnding model is proposed to
reveal aﬃne and non-aﬃne deformations of cytoskeleton network by
means of form-ﬁnding analysis method and vector form intrinsic ﬁnite
element analysis method. Our work describes the establishment of a
three-dimensional form-ﬁnding model and then the model is utilized to

Table 1
Dimensions and material properties of actin ﬁlaments and cross-linkers.
Parameters

Data

Elastic modulus of actin ﬁlaments
Diameter of actin ﬁlaments
Length of actin ﬁlaments
Length of actin ﬁlament segments a
Relative density of actin ﬁlaments b
Yield tensile force of actin ﬁlaments
Maximum length of cross-linkers
Yield tensile force of cross-linkers

1.4 GPa (Matsushita et al., 2010)
7 nm (Matsushita et al., 2010)
5 ± 2 μm (Kasza et al., 2010)
0.3 ± 0.06 μm
0.2–0.3‰ (Ethier and Simmons, 2007)
0.25 nN (Lin et al., 2010)
0.3 μm (Furuike et al., 2001)
60 pN (Lam et al., 2012)

a
b

The maximum length of cross-linkers is used to achieve an accurate prediction.
Relative density is the amount of actin ﬁlaments per unit volume of ﬁlament network.

non-aﬃne (Storm et al., 2005), e.g. the cellular foam model. In an aﬃne
regime the elastic response is mainly dominated by homogeneously
distributed stretching deformations; and a bending mode is soft as
compared to the stretching mode (Heussinger et al., 2007). However
truth seems to be more complicated and is believed to be well worth
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Table 2
Comparison between VFIFE and nonlinear ﬁnite element method.
VFIFE

Non-linear ﬁnite element

Discrete results
Pure deformation
calculation
Stiﬀness matrix

Point
Direct calculation

Element
Indirect calculation

There's no stiﬀness
matrix.

Basic principle

Newton's equation of
motion, strong form

Element stiﬀness matrices
integrating to the overall
stiﬀness matrix.
Variational principle, weak
form

Fig. 2. Comparison of (a) a form-ﬁnding model and (b) scanning electron micrograph of
cytoskeleton network.

Fig. 4. A sample of the ﬁnal form-ﬁnding model before and after extension (Space of
10 μm×10 μm×5 μm, actin ﬁlament relative density of 0.2‰).

feasible to do more researches on cytoskeletal networks.
2. Materials and methods
2.1. Form-ﬁnding model
Fig. 3. Load and displacement illustration of Modiﬁed Newton-Raphson method.

2.1.1. Construction
2.1.1.1. Basic manner. Cytoskeleton networks in a eukaryotic cell are
complex and disorderly, which makes it diﬃcult for us to take the
whole networks as a mechanical model. We ﬁnd it necessary and
eﬀective to determine a certain space within the cytoskeleton networks
that deﬁnes the extent of the initial cytoskeleton network. As shown in
Fig. 1(a), a cuboid space has been chosen as the periodic representative

study the eﬀects of actin ﬁlament relative density and model's height on
elastic modulus. We focus more attention on aﬃne and non-aﬃne
deformations in cytoskeleton under extension and it's inferred that both
aﬃne stretching and non-aﬃne bending exist in cytoskeleton network.
It is also veriﬁed that the three-dimensional form-ﬁnding model is
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thrown out) Gaussian distribution with mean value and standard
deviation as reported in Table 1. Centroidal coordinates and angle of
orientation of the ﬁlament are determined from uniform random
distributions that cover the cuboid space (X ~ 0–10 μm, Y ~
0–10 μm, Z ~ 0-h μm (h = 1 μm, 2 μm, 3 μm, 5 μm, 7 μm, 9 μm), the
angle between actin ﬁlament and x axis θ ~ 0-2π, the angle between
⎧ (cos−1 h /5, π /2), h = 1, 2, 3, 5 μm
actin ﬁlament and z axis φ ∼ ⎨
). If an
(0, π /2), h = 7, 9 μm
⎩
actin ﬁlament falls out of the prescribed space, it is translated into the
space. An example of the ﬁrst actin ﬁlament generated is plotted in
Fig. 1(b). Additional randomly generated actin ﬁlaments are placed into
the space (shown as Fig. 1(c)) until relative density in the space reaches
a speciﬁed value, which is set as 0.200‰, 0.225‰, 0.250‰, 0.275‰
and 0.300‰. Fig. 1(d) illustrates the layout of saturated actin ﬁlaments
in a cuboid space, where actin ﬁlaments are represented by various
colors.
2.1.1.4. Cross-linker generation. Either α-actinin or ﬁlamin may be
appropriate to be cross-linkers simulated as cables (Ferrer et al.,
2008; Furuike et al., 2001; Sjöblom et al., 2008; Yamazaki et al.,
2003), and here the model parameters (Table 1) are essentially aligned
with ﬁlamin properties. Cable elements are used as cross-linkers to
connect the actin ﬁlaments. Cross-linkers are generated in two steps.
First, actin ﬁlaments are divided into segments to present their periodic
binding sites to cross-linkers as shown in Fig. 1(e). Hence, cross-linkers
may only attach at the binding sites (segment ends). Second, crosslinkers are created by connecting any two binding sites where the
distance apart is less than the maximum cross-linker length (Gong et al.,
2013). The resulting three-dimensional cytoskeletal network model is
provided in Fig. 1(g).
2.1.1.5. Form-ﬁnding. After a cytoskeletal network model (Fig. 1(g)) is
generated, form-ﬁnding analysis is carried out to compute the ﬁnal
equilibrium shape of the network. Pre-stress force (8% of the tensile
yield strength of cross-linkers, Table 1) is applied to the cross-linkers to
simulate the force state of one cross-linker after it establishes a link
between two actin ﬁlaments; and then Vector Form Intrinsic Finite
Element analysis and form-ﬁnding analysis are performed to compute
the self-equilibrium conﬁguration. During the form-ﬁnding analysis,
pre-stress force in the cross-linkers is remained constant. The small
constant pre-stress force in the cross-linkers is only to facilitate the
form-ﬁnding analysis (Gong et al., 2013). Fig. 1(i) provides typical
form-ﬁnding result for cytoskeletal network, including actin ﬁlaments
connected by cross-linkers. The resulting cytoskeleton shares a strong
resemblance with the known topology of actin ﬁlament network just as
Fig. 2(b) shows or the EM images of (Wolosewick and Porter, 1979).

Fig. 5. Layout of a model before and after extension (in vertical view).

element. Key length scales in the cuboid include the actin ﬁlament
length and the cuboid side length, and an average actin ﬁlament length
of 5 μm is selected along with a cuboid space of 10 μm×10 μm×Z μm
(Z = 1, 2, 3, 5, 7, 9).

2.1.2. Mechanics and solver
Mechanics plays a signiﬁcant role in dynamical process.
Cytoskeleton, the primary source of a cell's structural integrity and
stiﬀness, comprises of a system of highly entangled protein ﬁlaments
that permeate the microﬂuidic space of the cytosol. For our formﬁnding modeling purpose, an actin ﬁlament may be represented as a
beam. A ﬁlamentous protein is therefore considered as an elastic rod
with bending and stretching rigidity resulting from both elastic and
entropic response (Li and Sun, 2011). On the other hand, cross-linkers
are represented as cables, only bearing axial tensile force.
The form-ﬁnding step is based on the displacement transformation
matrix,

2.1.1.2. Model parameters. The form-ﬁnding analysis and actinnetwork stretching analysis are carried out with Vector Form Intrinsic
Finite Element method. Beam elements are used to simulate actin
ﬁlaments within the model, and cable elements to simulate crosslinkers. Geometrical and material properties of the networks are based
on available experimental measurements (listed in Table 1 (Gong et al.,
2013)).
2.1.1.3. Actin ﬁlament generation. In the process of generating the
geometrical model, actin ﬁlaments are placed sequentially within a
prescribed three-dimensional space, as shown in Fig. 1(a). For each
actin ﬁlament, length is sampled from a truncated (negative values are

(tt K L + tt K G) ae =
t
tKL

t + Δt
tPe

− tt P

(1)
t
tKG

is the linear stiﬀness matrix,
is the geometric nonwhere
linearity stiﬀness matrix, ae is the current incremental displacement,
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Fig. 6. Generalized Hooke's law.

is the external load on element, tt P is the element internal forces.
Here in our form-ﬁnding analysis tt K L and tt K G are constant and
t + Δt
t P e is zero. The cross-linkers internal forces are remained constant.
Generally form-ﬁnding analysis is to achieve internal force equilibrium,
while in our research the model's ﬁnal shape is a priority. The ultimate
aim is to achieve structural similarity.
In the form-ﬁnding analysis, a Modiﬁed Newton-Raphson convergence criterion is adopted (Fig. 3). The Modiﬁed Newton-Raphson
formula is
t + Δt
tPe

Ui +1 = Ui + [R − F (Ui )]/F′(U0 ),

i = 0, 1, ⋯

Motion point. Space point A moves free on the plane. For motion
point, A is supposed to be a particle of motion and an equation of
particle motion can be obtained according to Newton's laws of motion,

m

dv
= F + f,
dt

v=

dx
dt

(3)

where m, v, F and f stand for particle mass, velocity, external load and
resultant internal force respectively.
Displacement point. The position of space point A can be expressed
by a set of functions,

(2)

(4)

x = h (t )

where U is displacement, F is external load on element and R is the
maximum of F.

h (ta ) = xa ,

2.1.2.1. Vector form intrinsic ﬁnite element method. In the study of threedimensional model of cytoskeletal networks, nonlinear ﬁnite element
analysis method is hard to converge as cytoskeletal networks is quite
ﬂexible and it's a huge quantity of elements within the model. Taking
into account these characteristics, we try to use another analysis
method – vector form intrinsic ﬁnite element method, abbreviated
VFIFE, a method presented and developed by Professor Edward C. Ting
of United States Purdue University. It performs well in analyzing large
geometrical elastic deformation of continuous media, as well as the
motion behavior from continuous system to non-continuous system
(Ting et al., 2004); and there's also good prospect in the study of large
deformations, fractures, collisions and other engineering problems by
means of VFIFE (Shih et al., 2004).

h (tb ) = xb

(5)

2.1.2.3. Comparison with non-linear ﬁnite element. VFIFE is an
appropriate approach of nonlinear analysis when traditional ﬁnite
element method is hard to converge. The focus of VFIFE is to develop
formulations for solid media and kinematics for large rotation and large
deformation (Ting et al., 2004). We list several main diﬀerences
between VFIFE and nonlinear ﬁnite element method as Table 2.
3. Results
3.1. Stiﬀness of cytoskeletal networks in extension
3.1.1. Stiﬀness derived from form-ﬁnding model
3.1.1.1. Eﬀective modulus determination. After form-ﬁnding the
developed representative volume element (e.g. Fig. 1(i)) can be
exercised to determine eﬀective properties of cytoskeletal networks
under mechanical stimuli. The simplest of the properties is the eﬀective
elastic (Young's) modulus. Elastic modulus is determined by results
from model's simple extension. One surface of the model is ﬁxed in
longitudinal translation while the far surface is displaced longitudinally
(x direction) a ﬁnite amount. The ﬁnal form-ﬁnding model and the

2.1.2.2. Basic concepts. VFIFE is based on the combination of the vector
mechanics (Ting and Wang, 2008) and numerical calculations and it is
suitable for the analysis of large rigid body motions and large
geometrical changes. There are three basic concepts – point value,
path element and reverse motion in VFIFE category (Ting et al., 2012).
Generally we think about two kinds of special path element – motion
point and displacement point.
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⎧ εx = [σx − μ (σy + σz )]/ E
⎪
⎨ εy = [σy − μ (σz + σx )]/ E
⎪ ε = [σ − μ (σ + σ )]/ E
z
x
y
⎩ z

(6)

Gathering the statistics in such kind of problems is essential. In this
work, 100 models are obtained (in Fig. 7(a)). We have checked that
more statistics (200 models as shown in Fig. 7(b) and 500 models in
Fig. 7(c)) still lead to the same results. In order to reduce the
computation and save memory space, we choose 100 models to collect
statistics.
3.1.2. Actin ﬁlament relative density impact on stiﬀness
3.1.2.1. Relative density of actin ﬁlaments positively correlated with
cytoskeletal stiﬀness. We adopted ﬁve groups of models (100 models
in each groups), and set actin ﬁlament relative densities to 0.200‰,
0.225‰, 0.250‰, 0.275‰ and 0.300‰. The topologies of selected
models are provided in Fig. 8. At each relative density 100 models are
analyzed and eﬀective elastic modulus is predicted. Histograms of the
mean value and standard deviation of elastic modulus for each relative
density are provided in Fig. 9. Relative density plays an important role
in determining cytoskeletal stiﬀness, for instance the modulus ranges
from 0.208 kPa to 0.412 kPa as relative density rises from 0.200‰ to
0.300‰. The variation of average cytoskeletal stiﬀness (modulus) with
actin ﬁlament relative density reveals an approximately linear relation
as shown in Fig. 10.
As previously mentioned, tensegrity's Young's modulus is written as
sx
E = s02 T /(sx − s0 )⋅Wρ0 / ∫ T dx and open-cell foam's eﬀective Young's
s0

modulus is expressed as E = 1.009Es ρ2 /(1 + 1.514ρ) – both of them
suggest a conjecture that the relative density of actin ﬁlaments
enhances stiﬀness of cytoskeletal networks. In our previous research,
results have shown that in two-dimensional models relative density of
actin ﬁlaments positively correlated with cytoskeletal stiﬀness (Gong
et al., 2013), consistent with our three dimensions results. Fig. 10
veriﬁes that our three-dimensional form-ﬁnding model is a feasible
model to describe cytoskeleton network from another perspective.
3.1.3. Height impact on stiﬀness
3.1.3.1. Height of the model (Z) negatively correlated with cytoskeletal
stiﬀness. Changing height of the form-ﬁnding model at a constant
relative density (0.250‰) provides another means to change the
cytoskeletal networks topologies (Fig. 11) and stiﬀness results
(Fig. 12). Five groups of models (100 models in each group) are
completed – height of the model in each group is varied from 1 μm to
9 μm in increments of 2 μm. And we ﬁnd it necessary to add a group of
Z = 2 μm models, shown as Fig. 11(b), to make the results more
acceptable. The increasing height makes inter-connectivity decrease
(even at the same overall relative density), appearing with lower
average eﬀective modulus (E): 2.651 kPa for Z = 1 μm model
(Figs. 11(a) and 12(a)) while only 0.149 kPa for Z = 9 μm model
(Figs. 11(f) and 12(f)). Relations between average cytoskeletal stiﬀness
(modulus) with height of the model are provided in Fig. 13.
The actin cytoskeleton controls cell shape and function. Our formﬁnding model's height is associated with model volume. The volume
response of cells indicates that the elastic response of both the
phenotypically normal and the cytoskeleton deranged human melanoma cells is highly dependent on the elastic compliance of the crosslinked, intracellular actin network, which is dependent on the ABP
(Actin-Binding Protein) – mediated ability to crosslink the actin gel
(Cantiello, 1997).
Cell swelling or shrinkage will aﬀect cytoskeletal architecture. It has
been speculated that the cytoskeleton may participate in the insertion
of cell volume regulatory channels into the plasma membrane. The

Fig. 7. Comparison of 100, 200 and 500 models on elastic modulus.

extension result for a single model is plotted as Fig. 4, and we also plot
Fig. 5 for vertical view.
Assuming plane stress conditions (Fig. 6) for any subspace in the
model, the eﬀective elastic modulus is calculated by Hooke's law as Eq.
(6).
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Fig. 8. Layouts of selected models with diﬀerent actin ﬁlament relative densities.

acting as the truss. In open-cell foam models, the cross-linked actin
ﬁlament network is treated as a porous random solid matrix with open
pores. The cytoskeleton consists of a large number of ﬁlaments that are
connected to one another with a complex topology (Ethier and
Simmons, 2007).
The tensegrity model and the open-cell foam model of cytoskeletal
networks are important idealizations, but they are indicated to assume
that all the deformations are in one regime: either aﬃne (axial
deformation in tensegrity) or non-aﬃne (bending deformation in
open-cell foam) (Gong et al., 2013). In fact, it is still unclear if these

cytoskeleton may mediate some eﬀects of cell volume on gene expression (Lang et al., 1998).
3.2. Aﬃne and non-aﬃne deformations in cytoskeleton network under
extension
To describe the mechanical properties of a cell, a tensegrity model is
proposed, and it's based on the theory of tensegrity. At the level of a
cell, tensegrity has been proposed that actin ﬁlaments play a role of
tension elements and microtubules are the compression elements, both
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Fig. 9. Impact of actin ﬁlament relative density on stiﬀness. (a) Relative density 0.200‰, E = 0.208 kPa, std (E) = 0.0203 kPa(b) Relative density 0.225‰, E = 0.249 kPa, std (E) =
0.0268 kPa(c) Relative density 0.250‰, E = 0.298 kPa, std (E) = 0.0289 kPa(d) Relative density 0.275‰, E = 0.356 kPa, std (E) = 0.0287 kPa(e) Relative density 0.300‰, E =
0.412 kPa, std (E) = 0.0331 kPa E and std (E) denote sample mean and standard deviation of elastic modulus E, respectively
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energy. In order to represent it visually, we draw 5 sets of curves to
illustrate the relations. The curves rise with actin ﬁlament relative
density in varying degrees, shown as Fig. 16.
3.2.3. Impact of height on nature of deformations
Average axial strain energy percentage and height of the model also
have some relations. In Fig. 17, it is shown that the axial strain energy
percentage decreases at ﬁrst, and then rises gradually from the point of
Z = 5 μm (turning point) with Z increases. The appearance of turning
point may be due to the average ﬁlament length (5 μm). The limitation
of model's height makes actin ﬁlaments array in smaller angles with X-Y
surfaces, cansing axial strain energy of Z = 1 μm higher than that of Z
= 3 μm. However as the model gets higher, actin ﬁlaments array in
various orientation and provide access to form more stable shapes, for
example triangles, which can make axial strain energy increase.
4. Discussion

Fig. 10. Variation of average stiﬀness of cytoskeleton with actin ﬁlament relative density
(a) Z = 1 μm (b) Z = 2 μm (c) Z = 3 μm (d) Z = 5 μm (e) Z = 7 μm (f) Z = 9 μm.

Form-ﬁnding model of cytoskeletal networks makes it possible for
the study of aﬃne and non-aﬃne deformations and the relations
between the microstructure and cytoskeletal mechanics of living cells.
For purpose of a better study of cytoskeleton, we propose this
mechanical model based on form-ﬁnding analysis, a system commonly
used in engineering of macroscopic structural composites.
We have basis to believe that real cytoskeletal networks do not rely
on one type of deformations. Some typical mechanical models of
cytoskeleton tend to be either aﬃne, such as tensegrity model; or
non-aﬃne, such as open-cell foam model. Models like tensegrity, opencell foam, etc., are considered to be at the extremes and can be
conceptually powerful, but may not be expected to provide a direct
simulation tool, both in shape and mechanics. It is helpful that axial and
bending strain energy can be calculated in this work to prove that in
cytoskeletal networks is both aﬃne and non-aﬃne.
Our three-dimensional model contains actin ﬁlaments and crosslinking proteins and is achieved within a 10 μm×10 μm×Z μm (Z = 1,
2, 3, 5, 7, 9) space. For a given random initial actin ﬁlament topology
and density of cross-linkers, form-ﬁnding analysis is performed to
generate a stable conﬁguration for the cytoskeletal networks.
Through simulation of simple stretching the performance of the
cytoskeleton is assessed. In the study of two-dimensional form-ﬁnding
model, non-linear ﬁnite element analysis is the main means of analyzing, however it is hard to have convergence and get valid results in
three-dimensions. So we infer to another method – vector form intrinsic
ﬁnite element analysis. Calculating axial and bending strain energy of
cytoskeleton models makes it possible to quantify aﬃne and non-aﬃne
deformations. In this way we can conﬁrm that both aﬃne and nonaﬃne deformations exist in cytoskeleton.
The cell's ability to engage as much axial (aﬃne) strain energy as it
can is somewhat of a surprise – random arrays would be expected to
rely more on bending, but the ability of the cytoskeleton to align under
load as in the form-ﬁnding stage – allows nature to seek out and
maximize aﬃne (axial) load paths.

models behave just as natural conditions, however we ﬁnd that the
form-ﬁnding model may provide access to illustrate aﬃne and nonaﬃne deformations. We determine some basic properties – actin
ﬁlaments strain energy due to axial deformation is denoted by SEaxial,
strain energy due to bending deformation is SEbending, and total strain
energy SEtotal. The speciﬁcs of the results are sensitive to actin ﬁlament
relative density and height of the model. In this way, aﬃne and nonaﬃne deformations can be quantiﬁed in cytoskeletal networks through
our three-dimensional form-ﬁnding model.
3.2.1. Strain energy under aﬃne and non-aﬃne deformations
Energy principles in structural mechanics express relations between
stresses, strains or deformations, displacements, material properties,
and external eﬀects in the form of energy or work done by internal and
external forces. Since energy is a scalar quantity, these relations provide
convenient and alternative means for formulating the governing
equations of deformable bodies in solid mechanics. They can also be
used for obtaining approximate solutions of fairly complex systems,
bypassing the diﬃcult task of solving the set of governing partial
diﬀerential equations.
The external work done on an elastic member in causing it to distort
from its unstressed state is transformed into strain energy which is a
form of potential energy. The strain energy in the form of elastic
deformation is mostly recoverable in the form of mechanical work.
Here we collect statistics about two aspects. One is relation between
axial and bending strain energy, and the other is about actin ﬁlaments
and cross-linkers strain energy, and both of them are to obtain some
relative relations with actin ﬁlament relative density for one simple
model. Here the relations are illustrated respectively in the form of
distribution histograms in Fig. 14.
3.2.2. Impact of ﬁlament relative density on nature of deformation
3.2.2.1. Bending (non-aﬃne) and axial (aﬃne) deformations of actin
ﬁlament network governed by relative density. In study of actin ﬁlament
relative density we choose a group of Z = 5 μm models to calculate
percentage of average axial strain energy. 100 models’ distribution
among each average axial strain energy percentage is plotted as the
following distribution histograms (Fig. 15).
With actin ﬁlament relative density increasing, percentage of
average axial strain energy increases gradually, in other words, relative
density of actin ﬁlaments positively correlate with average axial strain

5. Conclusions
Aﬃne and non-aﬃne deformations are quantiﬁed in cytoskeletal
networks through three-dimensional form-ﬁnding model in this paper.
Understanding the two deformation regimes has important implications
for the long-term goal of understanding the mechanics of cytoskeletal
networks of living cells. Form-ﬁnding of cross-linked semi-ﬂexible
ﬁlaments provides a new way to study the aﬃne and non-aﬃne
cross-over. Our three-dimensional form-ﬁnding model shows that both
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Fig. 11. Layouts of selected models with diﬀerent height of the models (Z).
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Fig. 12. Impact of height of the model on stiﬀness (a) Z = 1 μm, E = 2.651 kPa, std (E) = 0.2862 kPa (b) Z = 2 μm, E = 1.009 kPa, std (E) = 0.1027 kPa (c) Z = 3 μm, E = 0.581 kPa,
std (E) = 0.0581 kPa (d) Z = 5 μm, E = 0.298 kPa, std (E) = 0.0289 kPa (e) Z = 7 μm, E = 0.193 kPa, std (E) = 0.0191 kPa (f) Z = 9 μm, E = 0.149 kPa, std (E) = 0.0133 kPa E and
std (E) denote sample mean and standard deviation of elastic modulus E, respectively.

Fig. 13. Variation of average stiﬀness of cytoskeleton with height of the models.

aﬃne and non-aﬃne deformations are necessary for realistic modeling
of cytoskeletal networks, though aﬃne performs to be a little more
dominant.
The three-dimensional form-ﬁnding models will be important in
progressing toward a full quantitative model of the observed nonlinear
mechanics (e.g. stress hardening) of cytoskeletal networks. We expect
to take bundles and viscoelasticity of the ﬁlaments into consideration. It
is of vital importance to improve the model in our future research.
Maybe even a whole cell model could be proposed and analyzed. Such a
study could lead to a greater understanding of the inﬂuences caused by
actin ﬁlaments in determining the mechanics of cytoskeletal networks.
Taken together, the form-ﬁnding model provides an appropriate means
of studying mechanical properties of cytoskeletal networks.

Fig. 14. Relations of (a) axial and bending strain energy with actin ﬁlament density and
(b) actin and cross-linkers strain energy with actin ﬁlament density.
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Fig. 15. Impact of actin ﬁlament density on average axial strain energy. (a) Relative density 0.200‰, average axial strain energy 51.7% (b) Relative density 0.225‰, average
axial strain energy 54.5% (c) Relative density 0.250‰, average axial strain energy 56.7% (d) Relative density 0.275‰, average axial strain energy 58.9% (e) Relative
density 0.300‰, average axial strain energy 60.7%.
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